The dimensional reductions in the branched polymer and the random field Ising model (RFIM) are discussed by a conformal bootstrap method. The small size minors are applied for the evaluations of the scale dimensions of these two models and the results are compared to D-2 dimensional Yang-Lee edge singularity and to pure D-2 dimensional Ising model, respectively. For the former case, the dimensional reduction is shown to be valid for 3 ≤ D ≤ 8, and for the later case, the deviation from the dimensional reduction can be seen below five dimensions.
Introduction
The critical exponent of D dimensional branched polymer, which is a polymer with trivalent branches in a D dimensional solvent, is same as the critical exponent of D − 2 dimensinal Yang-Lee edge singularity. The dimension D has a range of 3 ≤ D ≤ 8. This remarkable correspondence has been explained by the supersymmetry [1] for such range of the dimension. There is perturbational analysis near 8 dimensions by ǫ expansion as we will discuss later. In this article, we discuss a random magnetic field Ising model (RFIM), which is closely related to Yang-Lee edge singularity since the dimensional reduction to pure Ising model was also explained by the supersymmetry; the critical exponents of RFIM in D dimension are same as the critical exponents of the pure Ising model in D − 2 dimension for 3 < D ≤ 6 [2] .
For the branched polymer, there is a mathematically rigorous proof of the dimensional reduction for 3 ≤ D ≤ 8 [3, 4, 5] . For RFIM, however, the dimensional reduction breaks down, since the lower critical dimension (lcd) of RFIM is not three [6] . If the dimensional reduction is true, by the fact that the lcd of Ising model is one, lcd of RFIM should be three. But, the existence of the phase transition at D = 3 is proved. This failure of the supersymmetric argument for the dimensional reduction in RFIM turns out related to the negative sign of the measure of the functional integral after the integration of the Grassmann fields. It then leads to the discussion of the instability of fixed point [7] and to the formation of a bound state [8, 9] . This failure of the dimensional reduction has not been solved, and it stands almost for forty years. The review article [10] provides the recent references of RFIM including a numerical analysis. We will investigate RFIM in this article by a determinant method of the conformal bootstrap method, which has been applied to the Yang-Lee edge singularity [12, 13, 14] and for the branched polymer [15] . We will discuss again briefly the branched polymer to make a clear difference to RFIM in the determinant method.
The conformal bootstrap method was developed long time ago [16] , and it was applied to critical phenomena [17, 18] . The modern numerical approach was initiated by [19] . The recent studies by this conformal bootstrap method led to many remarkable results for various symmetries, which references may be found in a recent review article [20] .
With the truncation of small numbers of the prime operators, the determinant method of the conformal bootstrap theory has been applied on Ising model, and Yang-Lee edge singularity [12, 13, 14] . This truncation method can be also applied to the non-unitary case, since it does not require the unitarity bound. The unitary case, such as O(N ) vector model (N ≥ 1), has a kink in the boundary curve of the unitarity bound, which determines the critical exponents. Yang-Lee edge singularity and O(N ) vector model for N < 1 are not unitary, since the operator coefficients become negative. The disordered systems, like branched polymer and RFIM are non-unitary. So the determinant method (or truncation method) may be useful for obtaining the critical exponents for the non-unitary models [20] .
The branched polymer and RFIM are expressed by the replica limit N → 0 of the N component Ginzburg-Landau effective action. We have a set of the scale dimensions, which is supposed to be fundamental in the represent the action of the branched polymer and RFIM. In this paper, we introduce one scalar scaling dimension ∆ 1 , which is chosen as a free parameter, in addition to the basic energy scale dimension ∆ ǫ . Such scaling dimension appears as the traceless symmetric tensor scaling dimension in O(N) vector model. For polymer case, replica limit N = 0 in O(N) vector model, this scaling dimension coincides with the energy density scale dimension ∆ ǫ [15, 23] . In the single polymer and the branched polymer cases, this ∆ 1 is same as ∆ T = D−φ/ν, whereφ is a crossover exponent of O(N ) vector model. In RFIM, we do not necessarily assume that ∆ 1 is same as ∆ T . Indeed, the effective replica Hamiltonian is different from polymers as we will see in (7) . We investigate the value of ∆ 1 near the value of ∆ ǫ due to above reason. Although ∆ 1 is assumed to be different from the scale dimension ∆ ′ ǫ = D + ω, where ω is an exponent of the correction to scaling, since ∆ 1 and ∆ ′ ǫ are both scalar scale dimensions, in the blow up plane, some fixed points may be identified for those two scale dimensions (as Fig. 3 ). There is no reason that ∆ 1 is same as the scale dimension ∆ ǫ , when the dimensional reduction due to the supersymmetry does not hold for RFIM.
This paper is organized as follows: in section 2 the determinant method is briefly explained. In section 3, Yang-Lee edge singularity is shortly reviewed as a introduction to bootstrap method. In section 4, random magnetic field Ising model (RFIM) is considered by the renormalization group and by the supersymmetric argument which leads to the conjecture that RFIM is equivalent to D-2 dimensional pure Ising model. In section 5, the dimensional reduction of the branched polymer to Yang-Lee edge singularity is explained by the supersymmetric argument similar to RFIM. In section 6, we discuss the dimensional reduction to Yang-Lee edge singularity by the conformal determinant method. In the section 7, we discuss RFIM by the determinant method. The section 8 is devoted to summary and discussions.
Determinant method for conformal bootstrap
The bootstrap method is comprised of the crossing symmetry of the four point function. The four point correlation function for the scalar field φ(x) is given by
The notation of |x ij | = |x i − x j | and the scaling dimension ∆ φ i for the field φ(x) are used. The amplitude g(u, v) is expanded as the sum of conformal blocks
where u and v are cross ratios, defined by u = (x 12 x 34 /x 13 x 24 ) 2 and v = (x 14 x 23 /x 13 x 24 )
2 . The crossing symmetry of the exchange
A Minor method is consist of the derivatives at the symmetric point z = z = 1/2 of (3). By the change of variables z = (a + √ b)/2,z = (a − √ b)/2, derivatives are taken about a and b. Since the numbers of equations become larger than the numbers of the truncated variables ∆, we need to consider the minors for the determination of the values of ∆. The matrix elements of minors are expressed by,
and the minors of 3 × 3 d ijk are the determinants such as
where i, j, k are numbers chosen differently from (1,...,6), following the dictionary correspondence to (m, n) as 1 → (2, 0), 2 → (4, 0), 3 → (0, 1), 4 → (0, 2), 5 → (2, 1) and 6 → (6, 0). Explicit examples of the minors may be found in [14] . We restrict our selves to 3 × 3 minors d ijk or 4 × 4 minors d ijkl in this article.
3 Yang-Lee singularity in 1 ≤ D ≤ 6
We first consider the Yang-lee edge singularity [11] , since the branched polymer has a dimensional reduction to D-2 dimensional Yang-Lee edge singularity. Yang-Lee edge singularity is a good example of the determinant method, which we will apply on RFIM later. It is originated from the critical behavior of the density of the zeros of the partition function of Ising model with a complex magnetic field. It is described by φ 3 field theory with an imaginary coupling constant. This Yang-Lee edge singularity has been studied by the conformal bootstrap method [12, 13, 14] .
When the bootstrap equation is truncated by a finite operators, and the determinant of the conformal blocks of relevant operators ∆ is decomposed to minors. With four parameters, ∆ φ , ∆ ǫ , ∆ ′ ǫ (an external field, an energy and a correction to scaling scale dimensions, respectively) and Q (a spin 4 operator), 4 × 4 minors are applied to Ising model [12] . For Yang-Lee edge singularity, which is described by φ 3 theory with an imaginary coefficient, the constraint of the degeneracy due to the equation of motion ∆ φ = ∆ ǫ is imposed. In the map of zero loci of 4 × 4 minors, there appear several intersection points of lines. In a previous article [14] , we discussed the reason for the existence of such intersection point of three or more lines of the zeros of minors by the Plüker relations. These positions of the intersection points depend upon the scaling dimension parameters ∆. In some cases, one of intersection point, for instance the intersection point of Ising model disappears with changing the parameter ∆ ′ ǫ . Below we represent the results of the cases of D=6, 4 and 3 for Yang-Lee edge singularity, which may be useful for later discussions.
D=6
In Fig.1 , the zero loci of 4 × 4 minors in D = 6 intersect at three fixed points with parameters of Q = 8 and ∆ [14] , which is consistent with the value of Table 2 .
The values of ∆ φ = ∆ ǫ , which are obtained by determinant method in [14] are listed in general dimensions in Table 1 , which will be used in the discussion of the dimensional reduction. 
Random magnetic field Ising model (RFIM)
The dimensional reduction in the D dimensional random magnetic field Ising model to the pure Ising model in D-2 dimension has been discussed intensively , by a diagrammatic perturbation [29] and by a supersymmetric argument [2] . Their results support the dimensional reduction to pure Ising model in D − 2 dimensions. However, this dimensional reduction for RFIM was found to be incorrect. Particularly for the lower dimension, it has been proved that the lower dimension is not three [6] . There are several suggestions for the reason of this breakdown. It is recognized that RFIM is related to the replica symmetry breaking like a spin glass problem due to negative sign, since the measure expressed as determinant by Grassmannian variables, can be negative. Also it was shown that the fixed becomes unstable with introducing more relevant couplings. [7, 8] .
This puzzling problem stands for a long time from the beginning of the renormalization group study more than forty years. It is known that the dimensional reduction works for (i) the branched polymer in D dimension, which is equivalent to Yang-Lee edge singularity in D-2 dimensions, (ii) electron density of state in two dimensional random impurity potential under a strong magnetic field. [27, 33] .
We briefly summarize in the following the argument of the dimensional reduction of RFIM. The application of the replica method to RFIM is the replacement of the following action,
by
with a random magnetic field h(x), which obeys the white noise distribution,
The quenched average requires about W = logZ, and the replica N → 0 limit takes this average about Z as
Under this c, propagator G in the replica follows as
The loop expansion of this propagator shows a critical dimension at D = 6 in the limit N → 0 since the propagator changes due to the non-vanishing c, like as
Indeed ǫ = (6 − D) expansion gives
which has a same form of ordinary O(N) vector model without a random magnetic field of ǫ = 4 − D. Parisi and Sourlas [2] introduced anti-commuting variables instead of the replica field, which plays with -2 dimensions, in the stochastic field formulation.
The Green function
where
The short coming of this formulation is the sign of the determinant, which can be negative. There appears a supersymmetric BRST gauge transformation [32] ,
whereā is an infinitesimal anticommuting number, ǫ µ is an arbitrary vector.
With the superfield Φ(x, θ),
the Lagrangian becomes
with ∆ ss = ∆+∂ 2 /∂θ∂θ. The superspace (x, θ) is equivalent to D-2 dimensional space. Therefore anticommuting coordinate has a negative dimension -2. This gives a proof of the dimensional reduction from D to D-2, but as we discussed before, this dimensional reduction does not work.
Branched polymer
We here briefly consider the branched polymer since it is close to RFIM. The main difference is that the effective Hamiltonian is φ 3 instead of φ 4 for the branched polymer. This makes the upper critical dimension as eight for the branched polymer. (RFIM has the upper critical dimension as six). The branched polymer is described by the branching terms in addition to the selfavoiding term. We write the action for a p-th branched polymer as N -replicated field theory
The term φ p α represents the p-th branched polymer. After the rescaling and neglecting irrelevant terms, the following action is obtained
with
In the paper of Parisi-Sourlas [1] , the equivalence to Yang-Lee edge singularity was shown by the supersymmetric argument. The ǫ expansion of the critical exponent η of the branched polymer was studied [11, 26] ,
In this formula, we put D → D − 2, and ǫ → ǫ = 6 − D, then we get
where ǫ = 6−D. This last formula is exactly same as the expansion of Yang-Lee edge singularity, ∆ φ = 2 − 
This leads up to order ǫ,
Thus the values of exponents η and ν of the branched polymer become same as the exponents of Yang-Lee edge singularity. The scale dimensions of ∆ ǫ and ∆ φ , however become different since they involve the space dimension D explicitly. For instance, in the branched polymer at D = 8,
where for Yang-Lee edge singularity at D=6,
In general dimension D ≤ 8, from the relation to Yang-Lee edge singularity, we have for the branched polymer,
as shown in (24) for D = 8. We get the following relations by noting the difference of the dimension D for two cases,
This relation is related to the N =1 supersymmetric Ising model, which has been discussed in [23, 34, 35 ].
Conformal bootstrap for branched polymer
We now consider the determinant method for the branched polymer. This determinant method will be applied to the RFIM in the next section. The minor d 123 is defined by
where vsn = vsn(D, ∆ φ , ∆ ǫ ) (n=1,2,3). The number n is related to the derivative of the conformal block. The notation of vsn can be found in [14] . vsn ′ is a function of D, ∆ φ and ∆ 1 . ∆ 1 represents scalar scale dimension ∆ T , which appears in the polymer case [23, 15] . 
and the energy density ǫ(x) is defined by
The crossover exponent of O(N) vector modelφ 2 is given aŝ
and for a polymer (N=0),φ becomes 1, and it leads to the degeneracy of ∆ T = ∆ ǫ [23] . The determinant method for the polymer with the scaling dimension ∆ T provides good numerical values for the critical exponents [15] . For a branched polymer, which is represented by bosonic hamiltonian in (18) , O(N) symmetric tensor scale dimension ∆ T is also important. This scale dimension is a scalar, and we denote this for the branched polymer by ∆ 1 in the following.
We put ∆ φ = 3(D − 3)/5 as an approximation value for the branched polymer, which is not so different from the expected value in Tale 3, and we determine the value of ∆ ǫ and ∆ 1 (∆ 1 = ∆ T ) from the intersection of the zero loci of 3 × 3 minors d ijk . In Fig.3 , we consider D = 8. The intersection point shows ∆ ǫ = ∆ 1 = 4. In Fig.4 , D = 6 is shown. In Fig.5 , D = 4 case is shown with ∆ φ = 0.6. The obtained value ∆ ǫ = 1.6 is consistent with Yang-Lee edge singularity at D=2, ∆ φ = ∆ ǫ = −0.4. Thus we find that, as in Fig. 3 -Fig.5 , the dimensional reduction to D-2 Yang-Lee edge singularity holds. 
D=6
In Fig.6 , the fixed point at ∆ φ = 1.8 and ∆ ǫ = 2.8 is obtained for D = 6. These scale dimensions are consistent with the dimensional reduction to D = 4 Yang-Lee edge singularity.
D=5
For D=5, we find in Fig.7 , a fixed of ∆ φ = 1.25, ∆ ǫ = 2.4 for the branched polymer. These scale dimensions are consistent with the dimensional reduction to Yang-Lee edge singularity of D = 3. We used the parameters of Q = 7.0, ∆ 1 = 2.6 in Fig.7 . Table  3 . The axis is (x, y) = (∆ φ , ∆ ǫ )
Conformal bootstrap for RFIM
The relations between the scale dimension ∆ φ and ∆ ǫ of RFIM and pure Ising model are, if they hold
and
There are several arguments which explain the failure of aove dimensional reduction of RFIM. The most serious argument against the dimensional reduction may be the existence of the attractive potential of replica fields, which leads to the bound states [8, 9] . Recently, the break down of the dimensional reduction is suggested near D = 5 [30] . The recent review of RFIM may be found in [31, 10] .
Assuming that this dimensional reduction works near 6 dimensions for the random field Ising model, the conformal bootstrap method may be applied numerically for RFIM. From the dimensional reduction, we expect the correspondence of Table. 4. Table 5 : The values ∆ ǫ and ∆ φ are obtained by the 4 × 4 minors for values of ∆ 1 and Q. These results are obtained from the analysis in Fig. 8 -Fig.  16 . The last column is ǫ expansion is [1, 1] Padé up to the second order of ǫ ( ∆ ǫ = 2 − 2ǫ/3 + 19ǫ 2 /162 = (2 − 17/54ǫ)/(1 + 19/108ǫ)). The value * is from [37] , and the value** is 2D Ising exact. The values of ∆ ǫ in the fourth column agree well with the values of the sixth column for pure Ising model in In Fig.8 and D=6, ∆ 1 = 4.9, we have a single fixed point at ∆ φ = 2, ∆ ǫ = 4 , which agrees with D=4 Ising fixed point by the dimensional reduction. We examine the fixed points around D = 6. Another analysis, where a parameter ∆ 1 = 4.3 is chosen, shows the same result. The infrared and ultraviolet fixed points are degenerated and the value of ∆ ǫ = 4.0 and ∆ φ = 2.0 are obtained. These values exactly correspond to D=4 pure Ising model at D=4. The dimensional reduction of RFIM is valid for D=6.We note the value of ∆1 is slightly different from ∆ ǫ .
In Fig.9 , D=5.9 case with ∆ 1 = 4.21, Q = 7.9 is shown in the contour of the zero loci of 5 minors. The fixed point is located at ∆ ǫ = 3.933, ∆ φ = 1.94997, which corresponds to D=3.9 pure Ising model by the dimensional reduction. In this Fig.10 , there is a Gaussian fixed point at ∆ ǫ = D − 2 = 3.9, which is infrared unstable. The value of ∆ φ is almost same as (D − 2)/2, but slightly less than this value. This means that the exponent η is negative.
In Fig.10 Table 5 , the deviation of the value of ∆ ǫ is large from the expected value by Padé value, which is 3.0886.
In Fig. 15 , D=4.1 case is shown with ∆ 1 = 2.3, Q = 6.1. The fixed point ∆ ǫ = 2.3, ∆ φ = 1.05 is obtained.
In Fig.16 and 17, D=4.0 case is shown with ∆ 1 = 2.2, Q = 6.0. The fixed point ∆ ǫ = 2.0, ∆ 1 .0 is obtained , it is Gaussian fixed point. Fig.18 is a global map. It is remarkable that we obtain the free field fixed point at D=4. This is due the small value of ∆ 1 . When we take large value of ∆ 1 , there appears ordinary Ising fixed point. Indeed when D=3.9, as shown in Fig.19 , for the larger value of ∆ 1 = 4.0, Q = 5.9, we obtain an Ising fixed point at ∆ ǫ = 1.92666, ∆ φ = 0.95003.
In Fig. 18 and 19 , D=3.9 case is shown. Only ordinary Ising fixed point is obtained for the values ∆ 1 = 4.0, Q = 5.9, which is consistent with the ǫ expansion. The fixed point corresponding to the dimensional reduction can not be found. 
Summary and discussions
We have considered in this paper, the dimensional reductions of the branched polymer to Yang Lee edge singularity and RFIM to the pure Ising model by the small 4 × 4 minors. The conformal bootstrap determinant method gives the confirmations of the dimensional reductions in the branched polymer. The critical dimension of a branched polymer is 8, and it corresponds to D=6 YangLee edge singularity. We have confirmed for 4 < D < 8, there is a fixed point which is ∆ ǫ = ∆ ǫ (Yang-Lee in D-2 dimensions)+2, ∆ φ = ∆ φ (Yang-Lee in D-2 dimensions) + 1. With the relation of Yang-Lee mode ∆ ǫ = ∆ φ , we obtain ∆ ǫ = ∆ φ + 1 (34) which is a relation for N = 1 supersymmetric Ising model [35, 23, 34] . These results are reported in the previous paper [15] . For RFIM, the upper critical dimension is 6. For D < 6, there appears a fixed point, which agrees with the values of ǫ expansion of ∆ ǫ , but the value of η becomes negative small for D < 6. The result is summarized in Table 2 . For 5 < D < 6, the values of ∆ ǫ is almost consistent with the ǫ expansion, with appropriate values of Q and ∆ 1 . However, for D < 5 the deviation becomes quite large, and the correspondence of the dimensional reduction is violated for D < 5.
The bound state has been suggested in the literatures [8, 9] for the explanation of this discrepancy of the dimensional reduction. The peculiar straight line as shown in Fig. 8 may indicate the bound state (also related to the negative small value of η). This finding may be consistent with the formation of the bound state. The breakdown for D < 5 seems to be consistent with the recent results of [30, 10] . The recent works [10] also shows the dimensional reduction of RFIM in D = 5 to pure Ising model in D = 3works precisely. From the point of view of the supersymmetry, we observed the difference between Ising tri-critical point (φ 6 theory) and N =1 supersymmetric fixed point [23] , although it is well known that in two dimensions, the tri-critical point coincides with the supersymmetric point [36] . It is interesting to investigate the relation of RFIM to the multi critical behaviors such as tri-critical Ising model for D < 5. For such study, we need more scale dimensions of OPE in addition to the dimension ∆ 1 which is studied here.
The random field for O(N) vector model gives also the dimensional reduction as (12) . We considered only RFIM, which is N = 1 of O(N ) vector model. It may be important to perform the conformal bootstrap analysis for O(N ) random field model. This study will be a future work.
